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Abstract 
As an essential and critical step, magnetic circuit modelling is usually implemented in the design 
of efficient and compact magnetorheological (MR) devices, such as MR dampers and MR 
elastomer isolators. Conventional magnetic circuit analysis simplifies the analysis by ignoring the 
magnetic flux leakage and magnetic fringing effect. These assumptions are sufficiently accurate in 
dealing with less complicated designs, featuring short magnetic path lengths such as in an MR 
damper. However, when dealing with MR elastomer devices, such simplification in magnetic 
circuit analysis results in inaccuracy of dimensioning and performance estimation of the devices 
due to their sophisticated design and complex magnetic paths. Modelling permanent magnets also 
imposes challenges in the magnetic circuit analysis. This work proposes an improved approach to 
include magnetic flux fringing effect in magnetic circuit analysis for MR elastomer devices. An 
MRE-based isolator containing multiple MRE layers and both a permanent magnet and an exciting 
coil was designed and built as a case study. The results of the proposed method are compared to 
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those of conventional magnetic circuit modelling, finite element analysis and experimental 
measurements to demonstrate the effectiveness of the proposed approach.  
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1. Introduction 
Dispersing ferromagnetic particles in elastomeric solids obtains a class of smart material normally 
termed magnetorheological elastomer (MRE) [1]. It exhibits a unique and useful phenomenon 
which is tunable material properties, i.e., stiffness and damping, upon the application of external 
magnetic field. Benefiting from this phenomenon, successfully applications have been reported in 
the fields of civil engineering [2,3] and mechanical engineering [4,5] for structural control and 
vibration reduction purposes; and, recently, its potentials have been further extended to developing 
sensors, robots and wearables [6-9].  
One of the major branches of MRE-based application is isolators which can achieve adaptive 
isolation performance against different types of seismic conditions due to its tunable stiffness and 
damping [10]. Drawing on the design of commercial laminated rubber bearings, the multi-layer 
configuration is normally adopted in MRE isolators due to its excellence in carrying vertical 
loading with the minimal bulging effect in the elastomer layers. Li et al. developed the first 
adaptive base isolator with 47 layers of MRE [11]. Based on this configuration, Li et al. further 
improved the adaptive range of base isolators by developing a highly adjustable base isolator with 
1630% increase of lateral stiffness [12]. Harnessing the benefits of this highly adjustable isolator, 
Gu et al. constructed a real-time controlled smart seismic isolation system and conducted a series 
of concept-proof experiments with sound outcomes [13]. Following these successful developments, 
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numerous researches on the multi-layer structured MRE isolators have been carried out. Xing et 
al. developed a novel base isolator with 20 layers of MRE [14]. Although these applications all 
achieve sound vibration mitigation performances, solely relying on electromagnet coils to provide 
magnetic field for the devices brings significant thermal and energy consumption issues [15]. In 
the applications for base isolators or bridge bearings where higher lateral stiffness is required to 
resist small disturbances like wind load and building live load in the majority of the service life, 
the coils in the device should be powered continuously [16]. Addressing these issues, the 
innovation of utilizing both electromagnet coils and permanent magnets (PM) has been proposed. 
The introduction of permanent magnets (PMs) provides MRE devices with a “bias” magnetic field 
present when the electric current is zero, which can reduce energy consumption. A positive or 
negative electric current can be applied to increase or decrease the magnetic field and tailor the 
device properties. For example, hybrid magnets laminated MRE adaptive isolators designed by 
Yang et al. [16] and Sun et al. [17] realized stiffness softening capability, maintaining stability 
without power during normal service life, and achieving effective base isolation during seismic 
events.  
However, implementing the multi-layered structure and PM both adds difficulty and challenge to 
the design of device configuration and analysis of electromagnetic performance. For multi-layered 
structure, steel sheets with high relative permeability, which is normally around 5000, are chosen 
to bond with MRE layers to give a higher conductivity for magnetic field. However, the relative 
permeability of MRE is usually as low as 1 to 7 [18]. Laminating these two types of material may 
result in magnetic fluxes leaking out from high permeability layers, forming unpredicted flux paths 
and irregular flux density distributions in the multi-layer structure. As for using PM, the 
complexities lie in the inhomogeneous magnetic field distribution on the PM surfaces and the 
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prevention of irreversible demagnetization. Considering the strong magnetic field dependence of 
MR materials, revealing the magnetic field distribution inside of the laminated MRE devices 
featuring hybrid magnets is critical and mandatory to achieve cost-effective and reliable designs. 
However, this cannot be achieved by experimental methods, since current available magnetic field 
sensors are not capable of detecting the field distribution inside of a cured laminated structure 
without any structural modifications on the device. And opening slots on the laminated structure 
to accommodate the sensor will cause the detour of magnetic flux path and unreliable 
measurements.  
Numerically, standard practice is to undertake the design using finite element software, such as 
ANSYS Maxwell or COMSOL Multiphysics. However, the construction of FEA models requires 
comprehensive details of the device which are commonly not available at the initial design stage. 
To obtain an optimal design of an MR device often involves numerous rounds of trial-and-error. 
Another analysis approach in developing magnetorheological (MR) devices, namely magnetic 
circuit modelling (MCM), produces equational presentations of the relationships between the 
device performance and variables such as the magnetic field strength, material properties and 
dimensions of the components. MCM allows theoretical, quantitative analysis and optimization 
focusing on predominant design parameters without involving much effort in modifying the 
geometry of the design and physical properties of the used materials in the first place. MCM has 
been successfully used in developing, analyzing and optimizing MR fluid dampers [19-25], MR 
fluid actuators [26-28] and MR fluid valves [29-32].  
However, MR fluid devices and MRE devices should be treated separately when considering 
MCM as a design technique. For MR fluid devices, large damping force can be realized by 
controlling the flow of fluid through narrow channels permeated by the controllable magnetic field. 
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Therefore, the magnetic path of MR fluid devices is normally simple and of small length-scale. 
Simple device configurations result in homogeneous magnetic field distributions in the MR fluid. 
In such configurations, the standard MCM assumptions of no branched magnetic flux paths and 
no flux fringing are accurate, and thus the conventional MCM method is viable. However, making 
these assumptions can dramatically degrade the accuracy and reliability in designing MRE devices 
especially multilayer MRE devices which include larger length-scale and branched magnetic flux 
paths. In addition, unlike the sealed structure of MR fluid devices, air gaps and free spaces are 
usually allocated in MRE devices to avoid friction or collision of moveable parts during shear 
movements. The existence of air gaps introduces considerable flux fringing effect and imposes 
design challenges as a consequence. Furthermore, the multilayer structure of MRE devices results 
in inhomogeneous field distribution in the device. Wang et al. [33] suggested a design methodology 
incorporating finite element analysis (FEA) to design an MRE-based isolator featuring a ten-
layered laminated conical-shaped core. The magnetic field analysis showed that the average 
magnetic flux density varied over a factor 2 between the top and middle layers of MRE. Xing et 
al. [34] also pointed out substantial differences of magnetic flux density at different locations in 
the laminated structure of an MRE bearing. The inhomogeneous distribution of magnetic flux 
density among MRE layers triggers different MR effects and causes discrepancies of mechanical 
performance of the devices. These phenomena suggest that the flux leakage and branched flux 
paths should be included in MCM for multilayer MRE devices. Though structural complexities of 
MRE devices imply challenges in implementing the MCM method, some pilot investigations have 
been conducted. Zhou [35] and Zhou et al. [36] iterated equational relationships between magnetic 
flux densities and device specifications of MRE shear testing rigs through MCM. Böse et al. [37] 
adopted MCM for evaluating the performance of an MRE valve. Yang et al. [38] computed the 
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magnetic field distribution of a shear-compression mixed mode MRE isolator by MCM and 
obtained close results to FEA. However, these existing MCM implementations for MRE devices 
made the same no flux-fringing assumptions as adopted for MR fluid devices and no multilayer 
MRE structures with a hybrid magnets configuration were investigated. Hence, practical guidance 
on developing MCM for hybrid magnets multi-layer MRE devices is of urgent demand. 
In this work, an improved MCM approach to accurately analyze hybrid magnetic circuits involving 
laminated MRE materials is proposed. The new approach considers the magnetic flux fringing 
effect and branched magnetic flux paths and is therefore able to produce effective and efficient 
estimation of the magnetic field in the device with complicated structure. With revealing the 
equations of the relationships between device design parameters and magnetic flux density values, 
this approach also greatly avails the optimization process at the device design stage. A laminated 
MRE device featuring hybrid magnets was designed and manufactured as a benchmark case study. 
The accuracy of the proposed approach is validated via FEA results and experimental 
measurements.  
 
2. Description of the benchmark device 
Figure 1 shows the schematic diagram and a half of the section view with the illustration of the 
main flux paths of the proposed hybrid MRE isolator. The main body of the device adopts the 
proven design by Li et al. [11, 12] which is able to produce a good level of magnetic field across 
the MRE layers. That design is modified by the inclusion of a PM of thickness 5 mm and diameter 
100 mm, sandwiched in the middle of the steel laminated MRE core. 9 layers of MRE and 9 layers 
of steel are laminated alternatively and bonded on both sides of the PM. The first layer attached to 
each of the two pole faces of the PM is steel. All steel and MRE layers are 1 mm thick. An air gap 
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of thickness 5 mm between the top plate and the yoke allows horizontal movement. Steel 
cylindrical blocks of height 37 mm were positioned between the MRE core and the top and bottom 
plates. Ten small coils, each having 350 turns, are stacked together and connected in parallel to a 
power supply. Detailed specifications for each component of the isolator are listed in Table 1. 
Two magnetic field sources are specified in the device, namely the PM and the coil. When no 
current is applied to the coil, magnetic field is sourced from the PM. In this way, the MRE layers 
will maintain a higher stiffness without requiring any external electric power supplied to the device. 
The magnetic flux generated by the PM travels through the laminated MRE core, steel parts and 
the air gap, forming the major magnetic flux travel path. The intended current direction in the coil 
is such as to create magnetic flux opposing the magnetic flux generated by the PM hence reducing 
the magnetic flux densities in the MRE layers. The stiffness of the MRE material therefore 
decreases. Hence, softening and adaptability can be achieved by applying and varying the current 
supplied to the coil.  
 
Figure 1. Overview and schematic (not to scale) of the proposed isolator. The fluxes generated by 
the coil and the PM are represented by the blue dashed line and the solid red line respectively. 
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Table 1. Specifications of the components of the isolator 
 Material Quantity  Axial Height (mm) Diameter (mm)  
Steel Block Steel 1008 2 37 100  
Steel Plate Steel 1008 2 10 250  




Steel Sheet Steel 1008 18 1 100  
MRE Sheet MRE 18 1 100  
PM N40 NdFeB 1 5 100  
 
3. Conventional MCM analysis 
  
(a) Without current applied to coil (b) With current applied to coil 
Figure 2. Magnetic circuit models without considering magnetic fringing 
 
On the assumption that no fringing is considered, conventional MCM for the proposed isolator can 
be depicted as Figure 2. By assuming all components of the isolator are in series connection, the 
same flux travels through every part and is equivalent to the total flux Ø. The hybrid magnetic 
circuit, Figure 2(b), features the superposition of a magnetomotive force (MMF) from the PM, 
denoted FPM, and an MMF from the coil, denoted Fcoil, which operates in the opposite direction to 
that of FPM. MMF values for PM and coil can be calculated by equation (1): 
 
𝐹PM = 𝐻𝑐𝑙PM 
𝐹coil = 𝑁𝑖 
(1) 
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where Hc is the coercivity of the PM, 𝑙PM is the magnet thickness, N is the total number of turns 
of the coil, and i is the current in each turn. Since all components are in series, the total circuit 
reluctance is the sum of the reluctances for each type of material, RMRE, Rsteel, Rairgap, and RPM, 
which are given by equation (2): 
 
 𝑅MRE = 𝑛𝑙MRE/(𝜇MRE𝐴MRE) 
𝑅airgap = 𝑙airgap/ (𝜇air𝐴airgap) 
𝑅PM = 𝑙PM/(𝜇PM𝐴PM) 
𝑅steel = 𝑙yoke/(𝜇yoke𝐴yoke) + 2𝑙plate/(𝜇plate𝐴plate) +





where n is the total number of MRE layers, also equal the total number of steel sheet layers, l is 




 is the element permeability, for H the magnetic field and B the magnetic flux density. For 
air, 𝜇 = 𝜇0. The N40 NdFeB magnet was assumed to have linear B-H curve in the second quadrant 
with remanence 𝐵rem = 1.25 T and coercivity 𝐻c = 9.5 × 10
5Am−1.  The magnet is modelled as 
a cylindrical surface current of density 𝐻c around the magnet perimeter with the interior of the 
magnet treated as having permeability 𝜇PM =
𝐵rem
𝐻c
= 1.3158 × 10−6Hm−1 = 1.047𝜇0 . The 
relationship between B and H for steel and MRE are presented in Figure 3 and symbolically 
expressed in equation (3):  
 
𝐻steel = 𝑓steel(𝐵steel) 
𝐻MRE = 𝑓MRE(𝐵MRE) 
(3) 
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Figure 3. B-H curves for steel and MRE 
B in each element is related to the flux and the element cross-sectional area by: 
 
∅ = 𝐵𝐴. (4) 
 
For the top and bottom plates of this circuit, A varies with radius. For the plate thickness chosen, 
the largest cylindrical cross-sectional area was smaller than the planar areas where the flux entered 
and exited the plate. The cylindrical cross-sectional area at the average of the inner yoke radius 
and the block outer radius was used. As a check against saturation, the MCM was repeated using 
the smallest area, at the block outer radius, and the results were found to change insignificantly. 
The calculations of the A and l values are specified in Appendix A.  
The mathematical expressions of the magnetic circuit models constructed in Figure 2(a) 
and (b) can be expressed as equation (5) and (6), respectively:  
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𝐹pm − 𝐹coil = 𝐻𝑐𝑙PM − 𝑁𝑖





















By substituting specifications and dimensions of each part of the isolator, the main flux Ø is 
obtained and can be converted to magnetic flux densities distributed in each element through 
equation (4). Summarising Appendix A, Table 2 lists the MCM parameters of the isolator elements. 
 
Table 2 Conventional MCM parameters for the MRE isolator 
 
n l (mm) A (mm2) 
Steel Block 2 37 7853.98 
Steel Plate 2 110 4398.23 
Yoke 1 110 12566.37 
Steel Sheet 18 1 7853.98 
MRE Sheet 18 1 7853.98 
Air Gap 1 5 12566.37 
PM 1 5 7853.98 
 
Results from the conventional MCM for current applied to each small coil ranging from 0 A to 
1.357 A are presented in Figure 4. The magnetic flux densities in all MRE layers is seen to decrease 
from 0.49 T to 0 T when the applied i increased from 0 A to 1.357 A. For the total number of turns 
N = 3500, 1.357 A current gives 4750 Aturns MMF of the ten coils (where Aturns is the product 
of the current times the number of turns) which is equal to the MMF of the PM, 𝐻c𝑙PM, therefore, 
at this current, the magnetic field of the PM is cancelled out theoretically by the field generated by 
the coil. Although this method provides rapid solutions for estimating electromagnetic properties, 
the assumptions include ignoring the flux leakage and fringing effects; hence the amount of flux 
travelling throughout the entire circuit model is constant and flux density values are identical for 
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components sharing the same A value. Hence, for the laminated core area, flux density values in 
MRE sheets and steel sheets are the same, which is an inaccurate description of the magnetic flux 
density distribution for devices featuring laminated cores. 
 
Figure 4. Magnetic flux density in MRE from MCM without considering fringing effect 
 
4. FEA results 
An axisymmetric finite element model of the prototype hybrid magnetic isolator was constructed 
and analysed through ANSYS Electronic Desktop. The software solved for the azimuthal 
component of the magnetic vector potential. Isotropic permeability was assumed for all materials. 
The N40 NdFeB magnet was assumed to have linear B-H curve in the second quadrant with 
remanence 𝐵rem = 1.25 T and coercivity 𝐻𝑐 = 9.5 × 10
5Am−1. Solutions for current applied to 
each small coil, i, ranging from 0 A up to 1.357 A, at values corresponding to current MMF values 
0 Aturns, 1000 Aturns, 2000 Aturns, 3000 Aturns, 4000 Aturns and 4750 Aturns, were computed 
in Figure 5. Due to the axial symmetry of the device, ½-axisymmetric presentations of the magnetic 
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flux density (B) plots are shown. Figure 5 (a) shows the B plot for 0 A in the coil, i.e. with the PM 
as the magnetic source. Magnetic flux fringing can be clearly observed at the air gap and around 
the laminated core area. Figure 5 (b)-(f) show the results as the i increases up to 1.357 A.  
 
  
(a) i = 0 A (b) i = 0.286 A 
  
(c) i = 0.571 A (d) i = 0.857 A 
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(e) i = 1.143 A (f) i = 1.357 A 
Figure 5. Magnetic flux density plot from FEA 
 
The FEA-calculated average flux density in each layer of the laminated core structure with 
different i applied is presented numerically in Table 3. The top MRE and steel sheets (furthest from 
the magnet on the air gap side) are numbered as the 9th layer and marked as M9 and S9 respectively. 
For zero current, the average magnetic flux density in the MRE layers decreases with distance 
away from the PM, falling from 0.58 T in the first MRE layer near the PM to 0.51 T in the furthest 
MRE layer from the PM. By comparing the FEA results with results from conventional MCM 
analysis, four major discrepancies are observed: 
 The conventional MCM analysis only produces the amount of total flux travelling 
through the single flux path. The elements sharing the same cross-sectional area have the 
same flux density under these assumptions. For zero current in the coil, that B value is 
0.49 T for every layer of the core structure including steel sheets, MRE sheets and PM. 
However, FEA showed an inhomogeneous distribution of magnetic flux density, with 
average B value varying from 0.63 T in the PM layer to 0.51 T in the top MRE layer. 
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 The conventional MCM analysis cannot capture the vector property of magnetic flux 
density. For example, in FEA, high magnetic flux densities were observed in the 1st and 
2nd steel layers, namely 1.04 T and 0.70 T respectively. These values are unusual 
according to the conventional MCM since the flux density produced within the PM is 
0.63 T. However, the explanation lies in the vector property of magnetic field: besides 
the longitudinal magnetic flux density component, there are the fringing magnetic fluxes 
leaking along the radial direction of the steel layers and the 1 mm thickness gives a 
narrow magnetic flux path. As a result, the small amount of fringing flux produces a high 
radial flux density component which contributes to produce high total magnetic flux 
density values in the steel layers. Within each MRE sheet, the flux density is nearly all 
longitudinal and is close to uniform in amplitude across the layer. However, in the steel 
sheets, the high permeability allows the flux a low reluctance radial path to the outer 
perimeter of the sheet and, especially for the 1st and 2nd steel sheets, a short leakage flux 
path to the other side of the PM. 
 When the applied current in the coil increases to the equivalent amount of 𝐹PM, the coil 
offsets the net magnetic flux density to 0 T everywhere in the conventional MCM. 
However, the FEA shows that in fact a flux density of 0.11 T remains in the PM. 
Associated with the magnetic fringing flux, the average flux density values in the 1st and 
2nd steel layers still remained as high as for zero current in the coil. 
 Flux fringing can also be observed at the air gap between the top plate and the yoke. In 
conventional MCM, the air gap is represented by a cylindrical annulus with the same 
inner and outer diametric as the yoke. However, as shown in the FEA magnetic flux 
density plot, instead of travelling straight across the modelled air gap, the flux fringes to 
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a larger area. Referring to equation (2), this will result in an error in estimating the 
reluctance of the air gap and therefore output an unreliable MCM result. 
Table 3 Average flux densities (T) in each layer of the core structure 
 
0 A 0.286 A 0.571 A 0.857 A 1.143 A 1.357 A 
M9 0.51 0.40 0.28 0.14 0.00 0.10 
S9 0.51 0.40 0.29 0.17 0.10 0.15 
M8 0.51 0.40 0.28 0.15 0.01 0.09 
S8 0.52 0.41 0.30 0.19 0.12 0.17 
M7 0.51 0.40 0.28 0.15 0.02 0.09 
S7 0.52 0.42 0.31 0.21 0.15 0.18 
M6 0.52 0.41 0.29 0.16 0.03 0.08 
S6 0.53 0.43 0.33 0.23 0.18 0.20 
M5 0.52 0.42 0.30 0.17 0.04 0.06 
S5 0.55 0.45 0.35 0.27 0.22 0.24 
M4 0.53 0.43 0.31 0.18 0.05 0.05 
S4 0.57 0.48 0.39 0.31 0.28 0.30 
M3 0.54 0.44 0.32 0.20 0.07 0.04 
S3 0.60 0.53 0.45 0.41 0.40 0.42 
M2 0.56 0.45 0.34 0.21 0.09 0.02 
S2 0.70 0.66 0.62 0.67 0.71 0.75 
M2 0.58 0.47 0.36 0.24 0.12 0.04 
S1 1.04 1.02 0.99 1.03 1.02 1.04 
PM 0.63 0.54 0.43 0.32 0.20 0.11 
 
5. The proposed MCM analysis 
The discrepancies above originate from the overly simplified assumptions adopted, such as single 
magnetic path with no fringing, simple air gap path, etc. A modified approach should be 
constructed in order to obtain more accurate magnetic field distributions. In the following, several 
modifications are applied in the proposed MCM, including modelling flux fringing in the air gap 
and around the magnet.  
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5.1 Modelling of the air gap 
Referring to the equation (2) to (5), due to the low permeability of air, the estimation made of the 
air gap cross-sectional area can dramatically affect the accuracy of the MCM. A smaller air gap 
cross sectional area leads to a higher reluctance value of the air gap element and a lower total 
amount of flux. In the conventional MCM, the magnetic flux is assumed to travel through the air 
gap along the shortest path, i.e. on straight field lines. However, as shown in Figure 5(a), the flux 
travels in an expanded area between the top plate and the yoke. The flux travel path at the air gap 
is observed to be about 10 mm wider than the thickness of the yoke. This matches closely with the 
air gap model proposed by Roters [39] which is shown in Figure 6(a). In his model, the width of 
air gap element between two steel poles of equal width is extended for two times the gap height g. 
Although the greater lateral extent of the top plate would increase the actual air gap enlargement 
somewhat, the same enlargement of the air gap width on each side by the gap height g is assumed 
for the prototype isolator, as illustrated as Figure 6(b). Since the yoke is a tubular component, the 
air gap should also be modelled as tubular and its cross-sectional area can be formulated as follows 
in terms of the yoke inner and outer diameters:  













(a) Air gap model proposed by 
Roters [39] 
(b) Air gap model for the 
proposed isolator 
Figure 6. Air gap models 
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5.2 MCM with consideration of flux fringing 
In addition to the modified air gap model, the modelling of the laminated core structure is also 
improved in the proposed MCM method. Considering the vector property of magnetic flux, the 
fluxes dispersed in each cylindrical layer in the laminated core structure can be categorised into 
two dimensions which are normal flux (Ø) and radial flux (Ø’) as shown in Figure 7. Normal flux 
is taken as the flux passing across the disk top surface of each element while radial flux is the flux 
leaked out through the side surface of the element in the radial direction. By the principle of 
magnetic flux conservation, the difference of the fluxes crossing the top and bottom surfaces of a 
layer must equal the flux leaked out the side of the layer. Because the permeability of MRE is 
much lower than that of steel and the radial path across the sheets is quite long, the radial flux 
leakage for the MRE sheets is ignored, i.e. approximated as 0. The difference in Ø between the 
adjacent MRE layers equals the Ø’ of the steel layer in between them. Denoting the total amount 
of flux generated by the PM, the normal flux in the ith MRE layer and the leakage flux in the ith 
steel layer are denoted as ØPM, Øi and Ø’i respectively, their relationships are represented as 
equation (8): 
∅PM = ∅1 + ∅1
′  
(8) 




Figure 7. Normal flux and radial flux (distributed around the disc perimeter) 
Accordingly, the proposed MCM is constructed and shown in Figure 8. Since fringing flux is 
neglected in all MRE layers, there is only one category of flux component for MRE layers which 
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is Øi. In steel layers, the magnetic flux was separated into two components which are the normal 
flux (Øi) and fringing flux (Ø’i). These fringing fluxes leak out at the i
th steel layers then travels 
through the air path which has the reluctance of Rairi and goes back to the laminated structure 
forming the paralleled air reluctance elements in the circuit. The illustration for the flux leakage 
paths, i.e., Rair1 and Rair2, are presented in Figure 9. The calculation of Rairi values follows equation 
(2). In equation (2), l used is the length of path which crosses the centre of the cross section of Rairi 
(presented as red dotted line in Figure 9); and, A is using the cylindrical surface area of the steel 
sheet. Since the fringing fluxes leaked out from steel sheet layers in the radial direction, the radial 
reluctance of steel sheet (Rsr) is also include in the paralleled fringing path. Rairi values are 
summarised in Appendix B. Rsz is the reluctance of steel sheet in the normal direction. Assuming 
the flux leakage only occurs at the middle point of the axial height of the steel sheet, for ØPM and 
Ø9, they only travel for the half of the 1
st and 9th steel sheets respectively on the normal direction.   
 
 
Figure 8. MCM with considering Magnetic flux fringing effect 
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Figure 9. Flux leakage path 
 
Additionally, to include the influence of fringing flux at air gap between the top plate and the yoke, 
the air gap model presented in Figure 6(b) and equation (7) was adopted in this MCM to provide 
a more accurate cross-sectional size for air gap. Following Kirchhoff’s law, the mathematical 
expression of the proposed MCM can be expressed as equation (9): 
 
By substituting equation (2), (3) and (8) into equation (9), the amount of flux in each layer can be 
yielded. To simplify the solving procedure, permeability for steel and MRE is assumed as constant 
with µsteel = 3.93 × 10
-3 Hm-1 and µMRE = 4.73 × 10
-6 Hm-1. This assumption is valid since the flux 
densities in all steel components did not reach saturation; as for MRE, the total axial height of 
MRE sheets is small, i.e., 18 mm, which has insignificant influence on the result accuracy.  
 FPM
  = ØPM
 (RPM
 + RSZ








 ) = Ø2
′ (2RSR
 + Rair2







 ) = Ø𝑖+1
′ (2RSR
 + Rair𝑖+1
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However, the flux density cannot be obtained through Gauss’ Law directly, since the fluxes in the 
normal and radial direction for each element should all be considered when calculating flux density. 
Considering the vector property of magnetic field, equation (10) should be adopted to obtain the 
flux density in steel sheet. 





Where An and Ar are the areas of the top surface and the side surface of the steel sheet.  
 
6. Results and Discussion  
The computed flux density at each layer using FEA, MCM and MCM considering flux fringing 
(MCMF) effect is illustrated in Figure 10. The horizontal axis represents the layers of the laminated 
core. The results from conventional MCM are represented by the flat grey lines since this method 
cannot capture the variances of magnetic field in laminated core structures. The red bar and black 
bar represent the results from the improved MCM and FEA. The green line and blue line indicate 
the errors of the MCM with considering flux fringing effect and the conventional MCM compared 
with FEA in percentage which are calculated through equation (11). Detailed values of magnetic 
flux densities and errors are summarised in Table 4. 
 
𝐸𝑟𝑟𝑜𝑟 =
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(a) i = 0 A 
  
(b) i = 0.286 A  
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(d) i = 0.857 A 
  
(e) i = 1.143 A 
 
(f) i = 1.357 A 
Figure 10. Computed flux density for each layer of the laminated structure when different i 
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Table 4 Results from FEA, MCM and MCMF (MCM considering fringing effect) 
(a) i = 0 A 
  FEA (T) MCMF (T) MCM (T) MCMF error MCM error 
PM 0.63 0.53 0.49 15.7% 22.7% 
S1 1.04 0.86 0.49 17.4% 53.0% 
M1 0.58 0.51 0.49 10.8% 14.8% 
S2 0.70 0.60 0.49 14.8% 30.4% 
M2 0.56 0.50 0.49 9.3% 11.7% 
S3 0.60 0.54 0.49 11.3% 19.0% 
M3 0.54 0.50 0.49 8.1% 9.5% 
S4 0.57 0.51 0.49 9.7% 13.6% 
M4 0.53 0.49 0.49 7.2% 7.8% 
S5 0.55 0.50 0.49 8.4% 10.3% 
M5 0.52 0.49 0.49 6.4% 6.5% 
S6 0.53 0.49 0.49 7.2% 7.9% 
M6 0.52 0.49 0.49 5.9% 5.5% 
S7 0.52 0.49 0.49 6.5% 6.4% 
M7 0.51 0.49 0.49 5.4% 4.7% 
S8 0.52 0.49 0.49 5.7% 5.2% 
M8 0.51 0.49 0.49 5.1% 4.2% 
S9 0.51 0.49 0.49 5.5% 4.6% 
M9 0.51 0.48 0.49 4.9% 3.9% 
 
(b) i = 0.286 A 
 FEA (T) MCMF (T) MCM (T) MCMF error MCM error 
PM 0.54 0.43 0.45 19.6% 16.2% 
S1 1.02 0.89 0.45 13.0% 56.0% 
M1 0.47 0.41 0.45 14.0% 5.2% 
S2 0.66 0.55 0.45 16.3% 31.6% 
M2 0.45 0.40 0.45 12.2% 0.5% 
S3 0.53 0.46 0.45 12.9% 14.5% 
M3 0.44 0.39 0.45 10.9% 2.9% 
S4 0.48 0.42 0.45 12.1% 6.1% 
M4 0.43 0.38 0.45 9.7% 5.6% 
S5 0.45 0.40 0.45 10.8% 0.1% 
M5 0.42 0.38 0.45 8.8% 7.8% 
S6 0.43 0.39 0.45 9.9% 3.8% 
M6 0.41 0.38 0.45 8.0% 9.6% 
S7 0.42 0.38 0.45 8.7% 7.0% 
M7 0.40 0.38 0.45 7.3% 11.1% 
S8 0.41 0.38 0.45 7.8% 9.5% 
M8 0.40 0.37 0.45 6.8% 12.3% 
S9 0.40 0.38 0.45 7.1% 11.3% 
M9 0.40 0.37 0.45 6.6% 13.1% 
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(c) i = 0.571 A 
 FEA (T) MCMF (T) MCM (T) MCMF error MCM error 
PM 0.43 0.33 0.35 23.1% 18.4% 
S1 0.99 0.94 0.35 4.9% 64.6% 
M1 0.36 0.30 0.35 16.8% 4.1% 
S2 0.62 0.53 0.35 15.5% 43.8% 
M2 0.34 0.29 0.35 14.3% 3.3% 
S3 0.45 0.40 0.35 11.7% 22.8% 
M3 0.32 0.28 0.35 12.6% 8.6% 
S4 0.39 0.34 0.35 12.1% 10.6% 
M4 0.31 0.28 0.35 11.0% 13.1% 
S5 0.35 0.31 0.35 11.1% 1.0% 
M5 0.30 0.27 0.35 9.6% 16.8% 
S6 0.33 0.30 0.35 10.3% 6.1% 
M6 0.29 0.27 0.35 8.4% 20.1% 
S7 0.31 0.28 0.35 8.9% 12.2% 
M7 0.28 0.26 0.35 7.4% 22.9% 
S8 0.30 0.28 0.35 7.6% 17.3% 
M8 0.28 0.26 0.35 6.5% 25.2% 
S9 0.29 0.27 0.35 6.3% 21.6% 
M9 0.28 0.26 0.35 5.9% 27.2% 
 
(d) i = 0.857 A 
 FEA (T) MCMF (T) MCM (T) MCMF error MCM error 
PM 0.32 0.23 0.23 28.5% 27.9% 
S1 1.03 1.01 0.23 1.9% 77.6% 
M1 0.24 0.20 0.23 18.5% 5.5% 
S2 0.67 0.53 0.23 21.0% 65.6% 
M2 0.21 0.18 0.23 14.2% 7.4% 
S3 0.41 0.37 0.23 9.0% 43.3% 
M3 0.20 0.17 0.23 11.1% 17.6% 
S4 0.31 0.29 0.23 7.0% 26.9% 
M4 0.18 0.17 0.23 8.2% 26.7% 
S5 0.27 0.25 0.23 6.5% 13.4% 
M5 0.17 0.16 0.23 5.4% 35.2% 
S6 0.23 0.22 0.23 4.7% 0.4% 
M6 0.16 0.16 0.23 2.9% 42.8% 
S7 0.21 0.20 0.23 3.8% 10.3% 
M7 0.15 0.15 0.23 0.5% 50.1% 
S8 0.19 0.19 0.23 0.0% 23.3% 
M8 0.15 0.15 0.23 1.5% 56.6% 
S9 0.17 0.18 0.23 3.7% 35.6% 
M9 0.14 0.15 0.23 3.5% 62.9% 
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(e) i = 1.143 A 
 FEA (T) MCMF (T) MCM (T) MCMF error MCM error 
PM 0.20 0.13 0.09 37.0% 55.1% 
S1 1.02 1.09 0.09 7.2% 91.1% 
M1 0.12 0.09 0.09 24.4% 27.3% 
S2 0.71 0.56 0.09 21.1% 87.2% 
M2 0.09 0.08 0.09 12.3% 2.5% 
S3 0.40 0.37 0.09 6.2% 77.4% 
M3 0.07 0.07 0.09 0.9% 35.1% 
S4 0.28 0.28 0.09 0.5% 67.8% 
M4 0.05 0.06 0.09 13.7% 77.2% 
S5 0.22 0.23 0.09 3.1% 58.8% 
M5 0.04 0.05 0.09 34.1% 135.9% 
S6 0.18 0.19 0.09 4.5% 49.9% 
M6 0.03 0.05 0.09 65.1% 224.9% 
S7 0.15 0.16 0.09 6.6% 40.3% 
M7 0.02 0.04 0.09 119.2% 380.4% 
S8 0.12 0.14 0.09 13.0% 27.6% 
M8 0.01 0.04 0.09 227.2% 695.9% 
S9 0.10 0.12 0.09 28.2% 7.4% 
M9 0.00 0.03 0.09 572.5% 1712.5% 
 
(f) i = 1.357 A 
 FEA (T) MCMF (T) MCM (T) MCMF error MCM error 
PM 0.11 0.05 0.00 55.7% 
Not applicable 
S1 1.04 1.16 0.00 11.4% 
M1 0.04 0.01 0.00 65.4% 
S2 0.75 0.59 0.00 21.2% 
M2 0.02 0.00 0.00 81.3% 
S3 0.42 0.40 0.00 5.4% 
M3 0.04 0.01 0.00 58.5% 
S4 0.30 0.30 0.00 1.4% 
M4 0.05 0.02 0.00 53.8% 
S5 0.24 0.24 0.00 2.3% 
M5 0.06 0.03 0.00 51.9% 
S6 0.20 0.21 0.00 1.1% 
M6 0.08 0.04 0.00 50.9% 
S7 0.18 0.18 0.00 2.4% 
M7 0.09 0.04 0.00 50.3% 
S8 0.17 0.16 0.00 3.3% 
M8 0.09 0.05 0.00 49.9% 
S9 0.15 0.15 0.00 1.5% 
M9 0.10 0.05 0.00 49.6% 
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As shown in Figure 10(a), for the scenario with no current applied, the overall error for all layers 
of the laminated core obtained from the proposed MCM and the conventional MCM are 8.71% 
and 12.73%. The proposed MCM can well portray the variance of magnetic field in different layers 
and the excessively high flux density values in the first 3 steel layers which are 1.02 T, 0.78 T and 
0.64 T respectively, with error within 12%. For MRE layers, the average error of the proposed 
MCM is 7.02%. The maximum and minimum flux density values in MRE are 0.51 T and 0.48 T 
for the 1st and the 9th MRE layers well matched with FEA results. The maximum error of flux 
densities value between the proposed MCM and FEA is only 0.18 T, however, that of the 
conventional MCM is 0.55 T. 
By increasing the applied i to 1.143 A, as illustrated in Figure 10(e), the overall error of the 
proposed MCM increased to 63.00%. Nevertheless, the overall error of conventional MCM soared 
to 202.86%. The magnetic flux density in the PM was effectively reduced from 0.53 T to 0.13 T 
when the applied i increased from 0 to 1.143 A, according to the improved MCM. At this scenario, 
although the percentage error increased due to the decrease of base number, the maximum error of 
flux density value between the improved MCM and FEA is only of 0.15 T (0.93 T for the 
conventional method). It can be concluded that the improved MCM can effectively capture the 
electromagnetic performance of the device when different i is applied. 
With the increase of the applied current to the coil, the flux density in MRE layers decreases, 
however, flux fringing effect at the laminated core still exhibits eminent flux density values in the 
steel layers. Additionally, the difference between flux densities of steel and MRE layers became 
more noticeable when larger current was applied, especially for the layer adjacent to the PM. The 
computed improved MCM can well reproduce this behaviour. For example, for the first steel layer, 
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it yields 0.86 T, 0.89 T, 0.93 T, 1.01 T and 1.09 T for applied i increased from 0 A to 1.143 A with 
the overall error less than 9%. On the contrary, conventional MCM reached almost 70% error for 
these five scenarios. With further increase of the applied current to 1.357 A, which is the scenario 
that the conventional MCM failed to compute, the proposed MCM still achieves a high accuracy 
with overall percentage error of 32% and maximum error of flux density value of 0.16 T.  
Compared with available results from FEA and the conventional MCM, the effectiveness and 
superiority of the proposed MCM in depicting the magnetic flux density for the hybrid magnets 
laminated core and flux fringing effect have been revealed. 
 
7. Further discussion 
7.1 Experimental validation of magnetic field 
In the real design of laminated MRE-based adaptive devices, currently, the magnetic field in the 
laminated structure can only be estimated by FEA and MCM; and, there is no sensor available to 
directly measure the field distribution inside of a laminated structure without damaging the 
structure and changing the flux path. Therefore, developing a rapid and accurate MCM is of great 
significance addressing the structural complexity of laminated MRE-based devices.  
A prototype hybrid magnets isolator was manufactured; and, magnetic field measurement was 
carried out to prove the reliability of the proposed MCM. The measurement locations were at the 
middle of the gap between the top plate and the yoke, as indicated in Figure 11, since these 
locations are in the magnetic flux path and can accommodate a gauss meter probe. Figure 12 shows 
the setup of the measurement. The isolator was powered by HDS800PS30 power supply (Helios, 
Australia) configured in AMP-K6030 rack (Helios, Australia). The gauss meter is TM-197 
(Tenmars, Taiwan).  
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Figure 11. Measurement positions 
  
Figure 12. Measurement setup and gaussmeter 
 
The measured magnetic flux density values are summarised in Table 5. The average measured flux 
density of the four locations and the results of flux density in the air gap from the improved MCM 
and FEA results are plotted in Figure 13. The FEA results were taken at the middle point of the top 
plate and the yoke. The measured value is lower than both the FEA result and the improved MCM. 
A similar phenomenon has been reported by Li et al [11]. The major reason of having lower 
experimental values is that the bonding surfaces of the laminated structure were not considered in 
theoretical methods. The bonding of the MRE and steel layers in the real device is not as perfect 
as that in theoretical methods. In the 37-layer structure, there are 38 layers of adhesive applied and 
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the glue and air bubbles may not have been sufficiently removed between the MRE and steel layers 
in the laminated structure, which may have caused this discrepancy. Although differences exist, 
the trends of flux density in the air gap are similar among the three groups of results when the 
applied current is changing. The flux densities decrease with the increase of applied current 
linearly to the minimum value when 1.143 A applied; then start to increase with the increase of 
applied current. 
Table 5 Measured flux density (mT) at the four points in the air gap 
 Point 1 Point 2 Point 3 Point 4 Average 
0 A 141.6 117.2 136.8 126.0 130.4 
0.286 A 89.7 78.9 84.8 95.6 87.3 
0.571 A 57.9 50.0 56.4 49.5 53.5 
0.857 A 35.3 27.5 21.1 18.2 25.5 
1.143 A 33.4 20.1 15.7 15.2 21.1 
1.357 A 43.7 41.2 38.8 29.4 38.3 
 
 
Figure 13. Comparison of experimental, FEA and the improved MCM results 
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7.2 Recommendations on the design of isolator with hybrid magnetic 
As for optimization of hybrid magnet systems in the adaptive isolators with laminated MRE core 
structure, the selection and positioning of the PM and the configuration of coil are critical. For PM, 
according to suggestions from [40], realising the maximum magnetic energy product is preferred 
in order to make the volume of PM smallest and to give the highest efficacy of electromagnetic 
performance of the device. For a neodymium magnet, since its demagnetization curve is a straight 
line in the second quadrant, the max magnetic energy product can be reached when the magnetic 
flux density in the magnet is half of its remanence. According to the improved MCM, in the 
prototype device, the magnetic flux density in the PM is 0.61 T when no current applied to the coil. 
Since this value is around half of the remanence of an N40 neodymium magnet, e.g. 1.25 T, this 
device accomplished a most effective and compact configuration. Regarding the positioning of the 
PM, the design proposed used one layer in the middle of the laminated core structure rather than 
separating the PM into several thinner layers. This is to protect the PM from irrecoverable 
demagnetization when the coil is energised and also to avoid cracking of PM due to its brittle 




In this work, a novel MRE-based adaptive isolator featuring stiffness softening effect and an 
improved MCM has been proposed. Also, suggestions addressing the application of the hybrid 
magnet system were provided. Considering the magnetic field dependence of this device, 
theoretical analysis including conventional MCM and FEA have been conducted. FEA results 
revealed that the proposed device provides a wide range of controllability of magnetic field, which 
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can be offset to almost 0 T from 0.57 T in MRE layers when 1.357 A is applied to each small coil, 
therefore offering outstanding adjustability in the mechanical properties. By addressing the flux 
fringing effects the proposed MCM achieves excellence in capturing the magnetic field distribution 
localized to each layer in the laminated structure for both non-current applied and large current 
applied scenarios. The proposed MCM also mitigated the failure of computing the maximum 
current applied scenario for the conventional MCM. 
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Appendix A 
𝑙air = ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑎𝑖𝑟𝑔𝑎𝑝 = 5 mm 
𝑙MRE = 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑀𝑅𝐸 = 1 mm 
𝑙Steel sheet = 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑠𝑡𝑒𝑒𝑙 𝑠ℎ𝑒𝑒𝑡 = 1 mm 
𝑙Steel block = ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑠𝑡𝑒𝑒𝑙 𝑏𝑙𝑜𝑐𝑘 = 37 mm 
𝑙Yoke = ℎ𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑦𝑜𝑘𝑒 = 110 mm 
𝑙PM = 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑜𝑓 𝑃𝑀 = 5 mm 
𝑙Steel plate = ℎ𝑎𝑙𝑓 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑙𝑎𝑡𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 × 2
+ 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑜𝑓𝑖𝑛𝑛𝑒𝑟 𝑎𝑛𝑑 𝑜𝑢𝑡𝑒𝑟 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑦𝑜𝑘𝑒 = 110 mm  
𝐴air = 𝜋(𝑜𝑢𝑡𝑒𝑟 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑦𝑜𝑘𝑒)
2 − 𝜋(𝑖𝑛𝑛𝑒𝑟 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑦𝑜𝑘𝑒)2 = 12566.37 mm2 
𝐴MRE = 𝜋(𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑀𝑅𝐸)
2 = 7853.98 mm2 
𝐴Steel sheet = 𝜋(𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑠𝑡𝑒𝑒𝑙 𝑠ℎ𝑒𝑒𝑡)
2 = 7853.98 mm2 
𝐴Steel block = 𝜋(𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑠𝑡𝑒𝑒𝑙 𝑏𝑙𝑜𝑐𝑘)
2 = 7853.98 mm2 
𝐴Yoke = 𝜋(𝑜𝑢𝑡𝑒𝑟 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑦𝑜𝑘𝑒)
2 − 𝜋(𝑖𝑛𝑛𝑒𝑟 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑦𝑜𝑘𝑒)2 = 12566.37 mm2 
𝐴PM = 𝜋(𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑃𝑀)
2 = 7853.98 mm2 
𝐴Steel plate = (𝑝𝑙𝑎𝑡𝑒 𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠) × 𝜋(𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑠𝑡𝑒𝑒𝑙 𝑏𝑙𝑜𝑐𝑘
+ 𝑖𝑛𝑛𝑒𝑟 𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 𝑜𝑓 𝑦𝑜𝑘𝑒)/2 = 4398.23 mm2 
 
  
  39 
 
Appendix B 
Reluctance of fringing path 
  l (m) A (m2) R (Aturns/Wb) 
Rair1 6.57E-03 3.14E-04 1.66E+07 
Rair2 1.29E-02 3.14E-04 3.25E+07 
Rair3 1.91E-02 3.14E-04 4.84E+07 
Rair4 2.54E-02 3.14E-04 6.43E+07 
Rair5 3.17E-02 3.14E-04 8.02E+07 
Rair6 3.80E-02 3.14E-04 9.62E+07 
Rair7 4.43E-02 3.14E-04 1.12E+08 
Rair8 5.06E-02 3.14E-04 1.28E+08 
Rair9 5.68E-02 3.14E-04 1.44E+08 
 
 
